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Abstract
Let G be a complex algebraic group and let X = SpecR be an affine G-variety. Let ϕ be a
G-endomorphism of X which induces an automorphism of the invariant subring RG. We show that ϕ is a
G-automorphism when G is unipotent and X is factorial. When G is reductive, we give some conditions
under which ϕ is a G-automorphism.
© 2006 Elsevier Inc. All rights reserved.
Keywords: G-endomorphism; Affine G-variety; Algebraic quotient
1. Introduction
Let G be an algebraic group defined over the ground field C. Let X be an affine G-variety,
i.e., an irreducible affine algebraic variety with an algebraic action of G. We denote by R the
algebra of regular functions on X. Let ϕ be a G-equivariant endomorphism of X, which we
abbreviate to a G-endomorphism of X. Then ϕ induces a G-endomorphism f of R and an en-
domorphism f¯ of the invariant subalgebra RG. When G is reductive, RG is finitely generated
and the algebraic quotient X//G is defined by X//G = SpecRG. The associated morphism with
f¯ is the endomorphism ϕ¯ of the algebraic quotient X//G. If ϕ is an automorphism, i.e., f is
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reductive, consider the case where X has a G-fixed point x0 and X//G is a single point. Then the
G-endomorphism of X which shrinks X to x0 induces an automorphism of X//G. In this paper,
we shall investigate when a G-endomorphism ϕ of X which induces an automorphism f¯ of RG
becomes a G-automorphism. We show that ϕ is a G-automorphism when G is unipotent and X
is factorial (Theorem 2.4). When G is reductive, it is well known that every fiber of the quotient
morphism π :X → X//G contains a unique closed orbit and π gives a bijective correspondence
between closed orbits in X and points of X//G. We show that the induced morphism ϕ¯ is an au-
tomorphism if and only if the G-endomorphism ϕ of X is a G-automorphism when there exists
a closed subset V of X//G such that codimX π−1(V ) 2 and every fiber of π over X//G − V
consists of one closed orbit (Theorem 3.4). In the proof of Theorem 3.4, essential is the general-
ization by Kaliman [3] of a theorem of Ax [1] which asserts that every injective endomorphism
of an algebraic variety is surjective.
Theorem 1.1. (Kaliman [3]) Let φ be an endomorphism of an affine algebraic variety X and let
E be a closed subset of X of codimension  2. If the restriction φ|X−E is injective, then φ is an
automorphism.
When X is normal, we show that ϕ is a G-automorphism if a general fiber of π contains a
dense orbit and codimX X − ϕ(X)  2 (Theorem 3.6). Hence in the case where X is normal,
if there exists a closed set V of X//G such that every fiber of π over X//G − V consists of
one closed orbit and ϕ induces a dominant endomorphism of π−1(V ), then it follows from
Theorem 3.6 that ϕ is a G-automorphism even when codimX π−1(V ) = 1.
2. The case G is unipotent
In this section, we consider the case where G is a unipotent group.
First, we consider the case that G is the additive group Ga = C. Let X = SpecR be an affine
variety with a nontrivial algebraic action of G = Ga . Then the G-action on X is expressed as
exp(tD) (t ∈ C) on R for a nonzero locally nilpotent derivation D on R. It is well known that
there is a bijective correspondence between algebraic Ga-actions on X and locally nilpotent
derivations on R. The invariant subalgebra RG is equal to RD := {x ∈ R | D(x) = 0}, which
we denote by R0. It is well known that the group R∗0 of units is equal to R∗ and R0 is facto-
rially closed in R, i.e., for x, y ∈ R, xy ∈ R0 − {0} implies x ∈ R0 and y ∈ R0. Furthermore,
if R is factorial, then R0 is factorial as well. Since the G-action on X is nontrivial, D ad-
mits a local slice t ∈ R, namely, there exists a t ∈ R such that a = D(t) is a nonzero element
of R0 and R[a−1] = R0[a−1][t]. Let ϕ :X → X be a G-endomorphism. Then the associated
endomorphism f :R → R commutes with D. Let f¯ :R0 → R0 be the endomorphism induced
by f . Note that f (t) is a local slice as well and D(f (t)) = f¯ (a). In the following, we assume
that f¯ is an automorphism. Then f induces an isomorphism between R[a−1] = R0[a−1][t] and
R[f¯ (a)−1] = R0[f¯ (a)−1][f (t)]. Let I be the ideal of R0 generated by a and f¯ i (a) for i  1.
We denote by V the closed set defined by the ideal IR.
Lemma 2.1. In the above notation, ϕ is bijective on X − V . In particular, if ht IR 2, then ϕ is
an automorphism.
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isomorphism R[f¯ i (a)−1] ∼= R[f¯ i+1(a)−1] for every i. Thus ϕ is bijective on X−V . If ht IR 2,
then codimX V  2, and the assertion follows from Theorem 1.1. 
We consider the case where IR = pR for p ∈ R. Then p ∈ R0. In fact, since a ∈ IR = pR,
a ∈ R0 is written as a = pq for q ∈ R. Since R0 is factorially closed, it follows that p ∈ R0, and
every f¯ i (a) for i  1 is a multiple of p. Since IR is stable under f , it follows that f¯ (p) = cp for
c ∈ R0.
The fixed point locus XG is defined by the ideal (DR) generated by DR = {D(x) | x ∈ R}.
Note that IR ⊂ (DR). Suppose that (DR) ⊂ prR for p ∈ R0 and a positive integer r . Then the
derivation D¯ defined by D¯ = (1/pr)D is a locally nilpotent derivation on R. One easily obtains
the following.
Proposition 2.2. The locally nilpotent derivation D¯ = (1/pr)D satisfies the followings.
(1) RD¯ = R0.
(2) Let J be an ideal of R0. Then D¯(JR) ⊂ JR.
(3) Suppose that (DR) ⊂ pr+1R. Then the ideal (D¯R) is not contained in pR.
(4) A local slice t of D is a local slice of D¯ as well and D¯(t) = a/pr ∈ R0 where a = D(t).
Moreover, for i  1, f i(t) is a local slice of D¯ and D¯(f i(t)) = f¯ i (a)/pr ∈ R0.
(5) f ◦ D¯ = (pr/f¯ (p)r )D¯ ◦ f .
By Proposition 2.2(2), V is stable under the additive group action exp(tD¯) (t ∈ C) associated
with D¯. By Proposition 2.2(5), ϕ dose not commute with exp(tD¯). However, if f¯ (p) = cp for
c ∈ C∗, then exp(tD¯) ◦ ϕ = ϕ ◦ exp( t
cr
D¯) for t ∈ C.
Theorem 2.3. Suppose that X is factorial and let ϕ and f be as above. If the induced endomor-
phism f¯ :R0 → R0 is an automorphism, then ϕ is a G-automorphism.
Proof. It suffices to show in the case where IR = pR for p ∈ R0 that the G-endomorphism
ϕ|V :V → V is bijective on an open set which meets every irreducible component of V . Then
since ϕ is bijective on X − V and X is normal, the assertion follows (cf. Luna [6], Luna and
Richardson [7], Kraft [4]). Recall that f¯ (p) = cp for c ∈ R0. Since R is factorial, it follows
that c ∈ R∗0 . In fact, let p1, . . . , pr exhaust prime elements appearing in the prime decompo-
sition of p. Then every f¯ (pi) is prime since f¯ is an automorphism. Comparing the numbers
of prime elements consisting of f¯ (a) and cp, we obtain c ∈ R∗0 . Furthermore, if j is suffi-
ciently large, f¯ j (pi) = cipi for ci ∈ R∗0 and 1  i  r . Hence considering f j instead of f ,
we may and assume that f¯ (pi) = cipi for ci ∈ R∗0 and 1 i  r . Let Vi := SpecR/piR. Then
V =⋃ri=1 Vi and every Vi is irreducible and G-stable. The endomorphism ϕ induces an endo-
morphism ϕi := ϕ|Vi :Vi → Vi . We show that ϕi is bijective on an open set of Vi for every i. If
Vi is not contained in XG, then ϕi is bijective on an open set. In fact, since the G-action on Vi is
nontrivial, there exists a trivialization Ri[a−1i ] = RDi [a−1i ][ti] where ti ∈ Ri := R/piR is a local
slice and ai = D(ti) ∈ RDi . Hence f induces an isomorphism Ri[a−1i ] ∼= Ri[f¯ (ai)−1] and ϕi is
bijective on an open set. Suppose that Vi ⊂ XG. Then (DR) ⊂ piR. Suppose that (DR) ⊂ pri R
and (DR) ⊂ pr+1i R for r  1. Consider the additive group action exp(tDi) (t ∈ C) on X where
Di = (1/pr)D. Then by Proposition 2.2(2), every Vj for 1 j  r is stable under this new ac-i
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ti ∈ Ri of Di and Di(ti) = ai ∈ (Ri)Di . By Proposition 2.2(5), c−ri f (ti) is a local slice of Di
as well and Di(c−ri f (ti)) = f¯ (ai). Since (Ri)Di [f¯ (ai)−1][c−ri f (ti)] = (Ri)Di [f¯ (ai)−1][f (ti)],
f induces an isomorphism Ri[a−1i ] ∼= Ri[f¯ (ai)−1]. Hence ϕi is bijective on an open set of Vi .
Continuing this argument, we obtain that every ϕi is bijective on an open set. Hence ϕ|V is
bijective on an open set which meets every Vi . This completes the proof. 
Theorem 2.3 can be extended to a unipotent algebraic group, which is a subgroup of Un, the
group of upper triangular n× n matrices with all diagonal entries 1.
Theorem 2.4. Let G be a unipotent group and let X = SpecR be a factorial G-variety. Let
ϕ :X → X be a G-endomorphism and f :R → R the associated algebra endomorphism. If the
induced endomorphism f¯ :RG → RG is an automorphism, then ϕ is a G-automorphism.
Proof. There is a chain of closed normal subgroups of G:
G = G0 ⊃ G1 ⊃ · · · ⊃ Gn = {e}
where Gi/Gi+1 ∼= Ga for 0  i  n − 1. Since RGi = (RGi+1)Gi/Gi+1 and R is factorial,
every RGi is factorial. The G-endomorphism f induces a (Gi−1/Gi)-endomorphism fi :RGi →
RGi for 0 i  n. Since f0 = f¯ is an automorphism, it inductively follows from Theorem 2.3
that fi is an automorphism for all i. 
3. The case G is reductive
In this section, we consider the case where G is reductive. Then the algebraic quotient X//G
exists and is irreducible. The quotient morphism π :X → X//G is the morphism corresponding
to the inclusion RG ↪→ R. As for properties of algebraic quotients and quotient morphisms, we
refer to Schwarz and Brion [12] and Kraft [4]. Let H be a subgroup of G. We denote by (H)
the conjugacy class {gHg−1 | g ∈ G}. Note that there is a partial order on conjugacy classes; we
say that (H1)  (H2) if H1 is conjugate to a subgroup of H2. When H is an isotropy group of
a point x ∈ X such that the orbit Gx is closed, we call (H) an isotropy class of X. Note that an
isotropy group of a point of a closed orbit is reductive. Recall that π gives a bijection between
closed orbits in X and points of X//G. The set of closed orbits with isotropy group in (H) is
denoted by (X//G)(H) and called the isotropy stratum corresponding to (H). We set X(H) =
π−1((X//G)(H)). It follows from Luna’s Slice Theorem [5] that there is a finite stratification
of X//G by isotropy type; X//G =⋃ri=0(X//G)(Hi) where (Hi) (i = 0, . . . , r) are the isotropy
classes of X. Here, we recall the following which is used later.
Lemma 3.1. (Cf. Schwarz and Brion [12, 6.2.3].) Let (Hi) be an isotropy class of X.
(1) Let x ∈ X be a point whose isotropy group is Hi . Suppose that for some g ∈ G, gx is in XHi .
Then g ∈ NG(Hi) where NG(Hi) is the normalizer of Hi in G.
(2) X(Hi) and (X//G)(Hi) are locally closed in X and X//G, respectively.
(3) The closure of (X//G)(Hi) is contained in ⋃(Hj )(Hi)(X//G)(Hj ) = π(XHi ).
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π(XHi ). It is well known that there is an equivariant embedding ι :X ↪→ V for a G-module
V such that πV ◦ ι = ι¯◦π where πV :V → V//G is the quotient morphism and ι¯ :X//G → V//G
is the induced embedding by ι. We identify X and X//G with the subvarieties of V and V//G,
respectively. By [12, 6.2.3], the closure of (V//G)(Hi) is πV (V Hi ) = ⋃(Hj )(Hi)(V//G)(Hj ).
Hence it follows that
π
(
XHi
)⊂ πV
(
V Hi
)∩X//G =
⋃
(Hj )(Hi)
(X//G)(Hj ).
Thus we obtain π(XHi ) = ⋃(Hj )(Hi)(X//G)(Hj ). Note that
⋃
(Hj )(Hi)(X//G)
(Hj ) is closed
since πV (V Hi ) is closed. Since (X//G)(Hi) ⊂ ⋃(Hj )(Hi)(X//G)(Hj ), we obtain the asser-
tion. 
It follows from Lemma 3.1 that there is a unique open dense stratum in X//G, which is called
the principal stratum and denoted by U . The corresponding isotropy class is called the principal
isotropy class. Let (Hi) be an isotropy class of X. When X is smooth, X(Hi) and (X//G)(Hi)
are locally closed smooth subvarieties of X and X//G, respectively. Furthermore, the quotient
X(Hi) → (X//G)(Hi) is a G-fibration. If X is a G-module, then the isotropy type and slice type
stratifications coincide (cf. [12]). In particular, every fiber of π over a stratum is isomorphic to
each other.
Let ϕ :X → X be a G-endomorphism and let ϕ¯ :X//G → X//G be the induced endomor-
phism. By a theorem of Ax, an injective endomorphism of an algebraic variety is surjective.
Hence if ϕ¯ is injective, then ϕ¯ is bijective, and hence an automorphism (cf. Kaliman [3,
Lemma 1], Cynk and Rusek [2]).
Lemma 3.2. Suppose that ϕ¯ :X//G → X//G is an automorphism.
(1) The morphism ϕ¯ induces an automorphism of every isotropy stratum (X//G)(Hi).
(2) The morphism ϕ preserves the isotropy type, i.e., ϕ(X(Hi)) ⊂ X(Hi) for every isotropy
class (Hi).
Proof. (1) Let (Hi) (i = 0, . . . , r) be the isotropy classes of X and set Ui = (X//G)(Hi). Since ϕ
is equivariant, it follows that ϕ(XHi ) ⊂ XHi . Since ϕ¯ maps injectively π(XHi ) =⋃(Hj )(Hi) Uj
to itself for every i, it follows from a theorem of Ax that ϕ¯ induces bijective endomorphisms of
the closure Ui and Ui for every i. Hence the restriction ϕ¯|Ui is an automorphism for every i.
(2) follows from (1). 
Suppose that the restriction of ϕ¯ to X//G−V is injective where V is a closed subset of X//G
of codimension  2. Then it follows from Theorem 1.1 and Lemma 3.2 that ϕ¯ is an automor-
phism which preserves the isotropy type stratification. Furthermore, if the restriction of ϕ to
X − π−1(V ) is injective and codimX π−1(V ) 2, then ϕ is an automorphism which preserves
the isotropy type.
Let ϕ :X → X be a G-endomorphism such that the induced endomorphism ϕ¯ :X//G → X//G
is an automorphism. Let (Hi) be an isotropy class of X.
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Then ϕ is bijective on X(Hi) = π−1(Ui). In particular, if every fiber of π over the principal
stratum consists of one closed orbit, then ϕ is birational.
Proof. Let ξ ∈ Ui and ξ ′ = ϕ¯(ξ). Then ξ ′ ∈ Ui and ϕ(π−1(ξ)) ⊂ π−1(ξ ′) since it follows
from Lemma 3.2(1) that ϕ¯ induces an automorphism of Ui . By the assumption, π−1(ξ) and
π−1(ξ ′) are written as π−1(ξ) = Gx and π−1(ξ ′) = Gx′ where x ∈ π−1(ξ), x′ ∈ π−1(ξ ′) and
the isotropy groups of x and x′ are Hi . Since ϕ induces an endomorphism of XHi , it follows that
ϕ(x) ∈ π−1(ξ ′)∩XHi = Gx′ ∩XHi . By Lemma 3.1(1), ϕ(x) = gx′ for some g ∈ NG(Hi). Hence
the isotropy group of ϕ(x) is Hi and ϕ maps bijectively π−1(ξ) onto π−1(ξ ′). Since ϕ is bijec-
tive on every fiber of π over Ui and ϕ¯|Ui is an automorphism, ϕ is bijective on X(Hi) = π−1(Ui).
If Ui is the principal stratum U , then ϕ is bijective on π−1(U), and hence birational. 
By Theorem 1.1 and Lemma 3.3, we obtain the following.
Theorem 3.4. Let ϕ :X → X be a G-endomorphism such that ϕ¯ :X//G → X//G is an automor-
phism. Suppose that there exists a closed set V ⊂ X//G such that codimX π−1(V ) 2 and every
fiber of π over X//G− V consists of one closed orbit. Then ϕ is a G-automorphism.
Proof. Let Ui = (X//G)(Hi) be an isotropy stratum such that Ui ∩ V c = ∅. Then ϕ¯ maps bi-
jectively Ui − V onto Ui − ϕ¯(V ). The proof of Lemma 3.3 shows that ϕ maps bijectively
X(Hi) −π−1(V ) onto X(Hi) −π−1(ϕ¯(V )). Hence the restriction of ϕ to X−π−1(V ) is bijective.
Since codimX π−1(V ) 2, the assertion follows from Theorem 1.1. 
In the case where G is finite, every fiber of π consists of one closed orbit and the al-
gebraic quotient X//G coincides with the geometric quotient X/G. Hence by Theorem 3.4,
every G-endomorphism ϕ :X → X which induces an automorphism ϕ¯ :X/G → X/G is a G-
automorphism. Furthermore, by Lemma 3.2, ϕ preserves the isotropy type.
Let G0 be the identity component of G. Then G0 is a normal reductive subgroup of G and
G/G0 is finite. Note that X//G is the quotient of X//G0 by G/G0. Let ϕ0 be the (G/G0)-
endomorphism of X//G0 induced by a G-endomorphism ϕ :X → X. Suppose that ϕ¯ :X//G →
X//G is an automorphism. Then so is ϕ0 by the above remark.
We consider the case where ϕ :X → X is dominant. Then we obtain a generalization of the
latter part of Lemma 3.3.
Lemma 3.5. Let ϕ :X → X be a dominant G-endomorphism such that ϕ¯ :X//G → X//G is an
automorphism. If a general fiber of π contains a dense orbit, then ϕ is birational.
Proof. There is an open subset U˜ of the principal stratum such that every fiber of π over
U˜ contains a dense orbit and is G-isomorphic to each other (cf. Luna [5]). Let O be the set
{x ∈ π−1(U˜ ) | Gx is dense in π−1(π(x))}. Then O is a G-stable open set in X (Schwarz and
Brion [12, 1.2]). Since ϕ¯ is an automorphism, there exists an open subset A of U˜ such that
B = ϕ¯(A) is contained in U˜ . Let x be a general point of π−1(A) ∩ O . Then x′ = ϕ(x) is a
point of π−1(B) ∩ O since ϕ is dominant. Since ϕ is G-equivariant, ϕ induces an isomorphism
Gx ∼= Gx′. It follows that ϕ maps bijectively π−1(A˜)∩O onto π−1(B˜)∩O where A˜ is an open
set of X//G and B˜ = ϕ¯(A˜). Hence ϕ is birational. 
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quotient field of RG is equal to the G-invariant function field C(X)G. If X is a G-module and
every multiplicative character of G is of finite order, then these conditions are satisfied (Schwarz
and Brion [12, 3.1]).
Further, we consider the case where X is normal. It is well known that a birational endomor-
phism ϕ of a normal affine variety X is an automorphism if codimX X − ϕ(X) 2 [4,6,7]. The
next theorem follows from this fact together with Lemma 3.5.
Theorem 3.6. Let X be a normal affine G-variety. Let ϕ :X → X be a G-endomorphism such
that the induced endomorphism ϕ¯ :X//G → X//G is an automorphism. If a general fiber of π
contains a dense orbit and codimX X − ϕ(X) 2, then ϕ is a G-automorphism.
Remark. Theorem 3.6 can be directly verified using Theorem 1.1 and Lemma 3.5. The following
proof is due to the referee.
By the proof of Lemma 3.5, ϕ maps bijectively an open dense subset W of X onto an
open subset ϕ(W). If codimX(X − W)  2, then we are done by Theorem 1.1. Suppose that
codimX(X − W) = 1. We show that an inverse ϕ−1 is injective on an open set W ′ ⊂ X with
codimX(X − W ′)  2. In fact, let codimX(X − ϕ(W)) = 1 and let x be a general point of
X − ϕ(W). Then ϕ−1(x) consists of finitely many points. By Zariski’s Connectedness Theo-
rem, ϕ−1(x) consists of actually only one point. Hence ϕ−1 is injective on an open subset W ′
with codimX(X −W ′) 2. Applying Lemma 3 in [3] to ϕ−1, we obtain that ϕ is injective on an
open set W ′′ ⊂ X with codimX(X −W ′′) 2. Then Theorem 3.6 follows from Theorem 1.1.
The above proof works when X is not normal but analytically unibranch outside the closed
subset of codimension 2.
Let ϕ be a G-endomorphism of a normal affine G-variety X such that the induced endomor-
phism ϕ¯ of X//G is an automorphism. Suppose that every fiber of π over the principal stratum
U consists of one closed orbit and ϕ induces a dominant G-endomorphism of π−1(V ) where
V = X//G − U . Then since codimX X − ϕ(X)  2, it follows from Theorem 3.6 that ϕ is a
G-automorphism.
Finally, we give some examples.
Let G be a semisimple algebraic group and let g be its Lie algebra with adjoint action of G.
Then the principal isotropy class of g is the class of a maximal torus of G and every fiber
of π :g → g//G over the principal stratum consists of one closed orbit. Hence by Theorem 3.6,
we obtain the following.
Theorem 3.7. Let G be a semisimple algebraic group and let g be its Lie algebra with the
adjoint G-action. Let ϕ :g → g be a G-endomorphism such that the induced endomorphism
ϕ¯ :g//G → g//G is an automorphism. If ϕ induces a dominant G-endomorphism of π−1(V )
where V is the complement of the principal stratum, then ϕ is a G-automorphism preserving the
isotropy type.
Next, we consider affine G-cones, i.e., (not necessarily irreducible) affine G × C∗-variety in
a G-module P where the C∗-action is the scalar multiplication inherited from P . An affine G-
cone has the unique G× C∗-fixed point which is the origin. Note that a G-module P itself is an
affine G-cone. When dimP//G  1, there is a nonzero point x ∈ P whose orbit is closed. Let
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dimensional quotient and a general fiber of the quotient morphism Z → Z//G consists of one
closed orbit (cf. K. Masuda [8]). Let X be an irreducible affine G-cone with one-dimensional
quotient. Then C∗ acts on X//G and X//G is isomorphic to a contractible curve C (cf. [8],
Mederer [10]). The stratification is (C − {p0}) ∪ {p0} where p0 ∈ C is the image of the origin
under π :X → X//G ∼= C. All the fibers of the quotient morphism π over the principal stratum
C − {p0} are isomorphic. By Theorems 3.4 and 3.6, we obtain the following.
Theorem 3.8. Let X be an irreducible affine G-cone with one-dimensional quotient. Let
ϕ :X → X be a G-endomorphism such that the induced endomorphism ϕ¯ of X//G is an au-
tomorphism. Suppose that a general fiber of π :X → X//G consists of one closed orbit. If either
of the followings is satisfied, then ϕ is a G-automorphism preserving the isotropy type.
(1) codimX(X − π−1(p0)) 2 where p0 ∈ X//G is the image of the origin under π .
(2) X is normal and ϕ|π−1(p0) is dominant.
Remark. If an affine G-cone with one-dimensional quotient is normal, then the quotient is a
normal contractible curve, hence isomorphic to A1.
Finally, we observe a couple of examples in the case where G = O(2) = C∗  Z/2Z. Let Vm
(m 1) be the two-dimensional G-module such that
λ(x, y) = (λmx,λ−my) for λ ∈ C∗,
τ (x, y) = (y, x) for the generator τ ∈ Z/2Z.
Then Vm//G = SpecC[s] = A1 where s = xy. The principal stratum is A1∗ = A1 − {0} and the
principal isotropy class is (H) where H = Z/2Z (the second factor of O(2) = C∗  Z/2Z).
Every fiber of π :Vm → Vm//G = A1 over A1∗ consists of one closed orbit. The null fiber π−1(0)
consists of a dense G-orbit and the fixed point O . Let ϕ be a G-endomorphism of Vm which
induces an automorphism of Vm//G. It is easy to show that ϕ induces a dominant endomorphism
of π−1(0). Hence any G-endomorphism of Vm which induces an automorphism of Vm//G is a
G-automorphism.
Let m> 1 and let f ∈ C[t] be a polynomial such that f (0) = 0. We define
V (f ) = {(a, b, x, y, z) ∈ V1 × Vm × C
∣∣ amy + bmx = f (ab)z}.
Here, C is the trivial G-module of one dimension. Then V (f ) is a G-stable hypersurface in
V1 × Vm × C and isomorphic to A4. In fact, since the projection V (f ) → V1 is an algebraic
G-vector bundle over V1 with fiber Vm, it follows from Quillen–Suslin Theorem (Quillen [11],
Suslin [13]) that V (f ) ∼= A4. The algebraic quotient V (f )//G is isomorphic to A3. In fact, the
invariant subalgebra is:
(
C[a, b, x, y, z]/(amy + bmx − f (ab)z))G ∼= C[u,v,w, z]/(w − f (u)z)
∼= C[u,v, z]
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V (f )//G = (A3 − S)∪ (S − 
)∪ (
− {O})∪ {O}
where S is the hypersurface in A3 defined by f (u)2z2 −4umv = 0, 
 = {(0, v,0) | v ∈ C}, and O
is the origin. The principal stratum is A3 − S and the principal isotropy class is the trivial class.
The isotropy classes corresponding to S − 
, 
 − {O}, {O} are the classes of Z/2Z (the second
factor of O(2)), Z/mZ  Z/2Z, O(2), respectively. Every fiber of π :V (f ) → V (f )//G = A3
over A3 − {O} consists of one closed orbit and the null fiber π−1(O) is of dimension two.
Hence it follows from Theorem 3.4 that any G-endomorphism ϕ of V (f ) which induces an
automorphism ϕ¯ of V (f )//G is a G-automorphism.
Remark. Let fi ∈ C[t] with fi(0) = 0 for i = 1,2. Then it is known by M. Masuda and Petrie [9]
that the following are equivalent;
(1) V (f1) ∼= V (f2) as O(2)-varieties.
(2) There exists an isomorphism V (f1)//O(2) ∼= V (f2)//O(2) which preserves the isotropy type
stratification.
(3) There exist a, b ∈ C∗ satisfying af1(bt) ≡ f2(t) mod tm.
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